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Using the definition of planted plane trees given by D. A. Klarner (“A 
correspondence between sets of trees,” zndag. Math. 31 (1969), 292-296) the 
number of nonisomorphic classes of certain sets of these trees is enumerated by 
obtaining a one-to-one correspondence between these classes and certain sets 
of nondecreasing vectors with integral components. A one-to-one correspondence 
between sets of (r + l)-ary sequences and a certain set of planted plane trees 
is also established, which permits enumeration of this set. Finally, a natural 
generalization of Klarner’s one-to-one correspondence between the above 
sets of trees and certain sets of edge-chromatic trees is obtained. 
1. INTRODUCTION AND SUMMARY 
Let (V, E, ZJ, a) be a planted plane (p, p) tree where Y is the vertex set, E 
the edge set (a set of two sets of V), u the distinguished vertex called the 
root whose degree is one, and a is an order relation on Y possessing the 
following properties. 
(i) For x, y E V if p(x) < p(v) then x 01 y, where P(X) is the length 
of the path from u to X. 
(ii) If@, s},{x,~> E E, p(u) = p(x) = p(3) --I = p(y) --i and r oi X, 
then s a y. 
The definition of a pp tree given above is the one used in Klarner [5] 
rather than the original definition given by Harary, Prins, and Tutte [4]. 
Two pp trees (V, El , q , q) and (V, E, , u2 , az) are isomorphic if there 
exists a permutation q!~ of V such that 
#W = “2 9 E2 = {{4(x>, RY’)) : k Y  E E& 
and x a1 y if and only if c#(x) C+ qQ). 0 ne can easily draw a picture of a 
pp tree by arranging the vertices in levels so that vertex x is in level p(x) 
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and then by arranging the vertices in each level from left to right according 
to the order relation CX. We remark that two trees are isomorphic when 
they have the same form of diagram in the plane. 
Consider Y = (rl ,..., rm) and q = (ql ,..., qm) where rts are nonnegative 
integers and qi)s are positive integers such that (a) 
41 + 1.. + qi - i 2 r1 + .*a + ri (i = 1, 2 ,..., m - l), 
and(b) ql + *.* +q~-m+1=r,+r,+~~~+r,. DenotebyP(V,q,r) 
the set of pp trees with the following two conditions. 
(1) There are exactly m vertices of degree greater than one (we call 
such a vertex a branch point) such that the ith one of these vertices (as 
ordered by a) has exactly degree qi + 1. 
(2) Let xi be the total number of vertices of degree one between the 
first and the (i + 1) st branch point i = 1,2,..., m - 1 and X, the total 
number of vertices of degree one excluding the root. The condition is that 
we have xi > r1 + a*. + ri (i = I,..., m - 1) and x, = r1 + *a. + r, . 
It is clear from the definition that 
~vl=fq~+2=frj+m+~. 
i=l j=l 
FIG. 1. A tree with q = (5, 3, 2, l), x = (0, 1, 7, 10). 
Also we remark that each pp tree T = (V, E, n, a!) determines a vector 
(Xl ,.“, xm> and that any two isomorphic trees have the same vector but not 
conversely. We call (x1 ,..., x,) corresponding to T its characteristic 
vector (see Fig. 1). It may also be noticed that if x = (x1 *** xnz> is the 
characteristic vector of T, then T E P[V, q, r’] for all r’ = (rl’, r2’,..., rm’) 
such that xi < rl’ + r$’ + *em ri (i = 1, 2, . . ., m - l), and 
&I% = rl’ + rz’ .*a + rm’. 
However, we enumerate trees for a fixed r. 
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Denote by IP the set of classes of isomorphic trees in any set of trees B, 
In the first part, we determine / IP(V, 4, r)/ , the number of isomorphic 
classes of trees in the set P(V, 4, r). By specializing values of 4 and r, we 
obtain some interesting subclasses of isomorphic pp trees. In [5], Klarner 
has enumerated / IP(V, q, r)j with r, = r2 = ... = Y~-~ = 0 and qi = 
for all i. e)ur method is analogous to that of Klarner, where we establish 
a one-to-one correspondence between the set IP(V, q, r) and a certain set 
of nondecreasing vectors with nonnegative integral components. Next, 
corresponding to a given tree we define a complementary tree and a dual 
tree and obtain certain equivalence relations. 
Given k = (k, ,,.., k,), kc being positive integers such that 
k, < kz -=c ... -c k, and n = (rzl ,.,., TZ?), FQ 
being nonnegative integers, we denote by P*(V, k; n) the set of pp trees 
such that exactly ni vertices have degree ki + 1. Evidently, 
/ V 1 = 2 rziki + 2. 
i=l 
In the second part of the paper, 1 IP*(V, k, ti)j has been determined. Note 
that when r = 1, this gives the same result as that of Klarner [S]. 
Last, certain sets of planted edge-chromatic trees which are in one-to-one 
correspondence with the above pp trees are considered. 
2. ENUMERATION OF IP(V, k,n) 
For q and P as in Section 1, define B(q, r) to be the set of 
vectors (x1 ,..., xcn) with nonnegative integral components satisfying the 
following. 
THEOREM 1. 
1 IP(V, q, r)j = i ’ B(qy r)’ ’ 
for I Y I = 2 qr + 2, 
i=l 
1 0, otherwise. 
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Proof. To prove Theorem 1, we shall show that there exists a one-to-one 
correspondence between IP( V, 4, r) and B(q, r). 
Let (V, E, v, a) be a representative tree from an isomorphic class in 
IP(V, q, r). Therefore the ith branch point has degree qi + 1. Its charac- 
teristic vector (x1 , x2 , . . . , xm) is a vector in B(q, r) since 
O~xx,~xx,~*~*~xx,~,,x, 
j=l j=l j==l 
by definition and xi < Ci=, qj - i (the ith branch point has degree qi + 1). 
Because of the earlier remark on the representation of planar trees it is 
obvious that to representative trees of distinct isomorphic classes there 
correspond two different vectors belonging to B(q, r). 
The inverse mapping is quite natural, i.e., given a vector 
(Xl , x2 9***, xm> E B(q, r> 
we can construct a representative element of a class in IP(V, q, r) in a 
natural way. Clearly the first branch point of such a tree is the second 
vertex. Draw q1 outgoing edges from this branch point (i.e. q. edges 
joining this vertex at level 1 and q1 vertices at level 2). We start at level 2 
and count vertices from a lower level to the next higher level and from left 
to right within a level. Adopting this counting procedure assign the second 
branch point at vertex x1 + 1 at which draw q2 outgoing edges (which are 
at the next higher level) and in general the (i + 1) st (i = 1,2,..., m - 1) 
branch point at the (xi + i) th vertex, at which draw qi+I outgoing edges. 
This is always possible because xi + i d cz=l qj (i = 1,2,..., m - 1) 
given by condition (2) of B(q, r). This completes the proof. 
THEOREM 2. Letak=&qj-kandb,=~~=,r,fork=l,...,m-1. 
Then 
where 
with 
Y 
0 Z-b 
I WK 4, r>l = det(4j)m-1xm-l 
0, if z=O and y <z 
1, if z=O, 
otherwise. 
(1) 
or if z < 0, 
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Proof. Because of the one-to-one correspondence all we need is to 
determine j B(q, v)l , where bi < xi < ai . This number has been obtained 
in [8]. It needs a simple verification to see that det (d$) in [S] is the same as 
det (dij). 
We note that this type of enumeration has been initiated by Narayana 
[9, lo] which has various applications. See also Tutte [13]. 
Two special cases are worth noting. 
(a) Consider IP(P’, 4, r”) where rio = 0, i = 1,2,..,, nz - 1. In that 
case we get bj = 0 for all j and 
(b) Consider IP(V, q”, r) where q” = (~~~, ri, 1, I,..., 1). Then 
and one can easily verify that 
1 IP(V, q”, P)/ = det 
From (2) and (3), it is observed that when q of S(V3 q, r*) and 
E” of P(V, q”, r) are related by 
or equivalently by 
41 = r?rl> q<-- 1 =Pm--i+l, i=2 )..., m 14) 
(the last relation is due to Cy-, qk - m + 1 = C”,, rJ, then 
j .P(V, 4, r”)l = j P(V, q”, v)/. Indeed P(V, q, r”) and P(V, q”, r) with (4) 
are complementary sets in the sense defined later. 
It has been checked in 17, Section 31 that (2) in the special case sim- 
plifies and yields Klarner’s result. 
Next we give definitions of a complementary tree and a dual tree an 
derive certain equivalence relations. 
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DEFINITION 1. Let TI and T2 be two pp trees. T2 is said to be a com- 
plementary tree to TX (we write TI C T,) if (1) TI and Tz have the same 
number of branch points, and (2) yi = x, - x,,+~ - 1, i = 1,2 ,..., m - 1, 
and yna = X, , where (x1 ,..., x,) and (yI ,,.., yna) are characteristic vectors 
of T,. and T2 respectively. 
Note that to a given tree TI, there could be several complementary 
trees. Also (TI C Tz) o (Tz C TI). For P(V, 4, r) and P(V, q’, r’) with 
f-, = ql’, r,’ = q1 and r,,’ = qm-i+I - 1, ri = qA-i+l - 1 (i = 1, 2 ,..., 
m - l), the equivalence relation is given in the next theorem. 
THEOREM 3. P(V, q, r) and P(V, q’, r’) are complementary sets of 
trees in the sense that to each tree T E: P( V, q, r) there exists a T’ E P( V, q’, r’) 
such that T C T’ and conversely. Moreover, 
Proof. Given T E P(V, q, r) with characteristic vector (x1 ,..,, xm), we 
consider ( y1 ,..., ym> with yi = x, - x,-$ - 1 (i = I,,.., m - 1), and 
y, = x, and show that there exists a T’ E P(V, q’, r’) whose characteristic 
vector is ( y1 ,..., ym>. 
Now 
ym = x, = 5 (qj - 1) + 1 = 2 (rq!)+i+l + 1 - 1) 
j=l j=l 
Similarly 
ym = x, = C rj = C qi’ -m+l. 
j=l j=l 
i = 1, 2 ,..., m, 
2 -2 
&ri<yi<EI(qj’-l), i=l,2,...,m-1. 
it follows that 
Also, since 
These relations verify the above fact. The converse proof is similar. The 
second part follows either from the first part or directly from Theorem 2. 
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DEFINITION 2. Let TX and T, be two pp trees with characteristic vectors 
(Xl 1*-a, xm) and (Y, ,..., yn) respectively. Let iI )..., i, (r < m) be the set of 
indices defined by the following relations. 
I > 0 whenj = iI ,.,., i,) xi - “-’ = 0 otherwise. 
(r is the number of different components xi > 0.) T, is said to be a du21 
tree to Tl (we write T, d TJ if (1) n = x, and (2) 
yn = m and ylz--cij-l-l = yn--zij-I-2 = *I. = Y,,,+,~~ = BE - ii 
(j = 1, 2,..., r). 
Intuitively speaking, to obtain a dual tree we interchange the role of the 
ranch points and end points, i.e., we make all the branch points end 
points and conversely. Clearly to a given tree, there could be several dual 
trees. Just like the previous case duality is symmetric, i.e., 
Consider P(V, q, r) and P(V, q*, r*) with the following properties. Let 
ui = 2 (4: - l), i = l,..., Iy2 - 1, 
j=l 
and ZQ*, Z;i* (i = l,..., n) be similarly defined for q*, Y*. Let ij (j = I,..., V) 
and ir,’ (k = I,..., s) be the indices as defined above for (ZQ 9..., u,) and. 
(VI ,..“, v,) respectively. Then the properties are: 
(1) urn = v, = rz and u,* = v,* = VI, 
(2) z&+,~-~-~ = u~p,ij-l-I = -.- = u&,,~ = m - ij , j = I,..., r, 
and 
* * v12--21i;-11 = v,-,i;e_r2 = *** = v,-,~; = m - iki, k = I,..., s. 
For these two classes of trees we have the following equivalence relation. 
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THEOREM 4. P( V, q, r) and P(V, q*, r*) are dual sets of trees in the 
sense that for T & P( V, q, r) there exists T” E P(V, q*, r*) such that Td T* 
and conversely. Moreover 
I WY, 4, r>l = I WV, 4*, r*>l . 
The proof is analogous to that for the 
involving lengthy algebraic manipulation. 
previous theorem except for 
3. ENUMERATION OF IP*(V,k,n) 
In this section let C = C’, . Let B*(k, n) be the set of lattice paths in 
E,,, (Euclidean space of dimension r + 1) from the origin to 
(x0 3 Xl ,.**3 -4 = (c n&i - 1) + 1, ~1,112 ,..., n,) 
which lie entirely beneath the hyperplane x0 = C (ki - 1) xi except at the 
origin. Because of the natural one-to-one correspondence between 
lattice paths and (r + I)-ary sequences, we could consider B*(k, n) to be 
the set of (r + 1)-ary sequences with exactly C ni(ki - 1) + 1 O’s, 
?zl l’s, 122 ’s,..., n, r’s such that the number of zeros is always greater than 
C (ki - l)(number of i’s). We shall use one or the other interpretation 
whenever it is convenient to do so. 
THEOREM 5. 1 IP*(V, k, n)] = I B*(k, n)] . 
Proof. The proof is again based on the one-to-one correspondence 
between IP*(V, k, n) and B*(k, n). Take a representative tree from an 
isomorphic class in IP*(V, k, n). Excluding the root there are exactly 
C ni(ki - 1) + 1 vertices having degree one. To such a tree, assign the 
(r + 1)-ary sequence (b, ,..., b,) forp = C niki + 1 in B*(k, n) as follows. 
Let vj be the (c niki - j + 3) th vertex according to the order relation 
01 on V. (Remember j V 1 = C niki + 2.) Then the mapping M is: 
b, = 
1 
0 if the degree of II~ is 1, 
3 i if the degree of vj is ki + 1. 
Clearly such a sequence has the required number of O’s, l’s,..., r’s. We 
remark that a component bj = j # 0 in the sequence represents a branch 
point and corresponding to this component there should be kj components 
preceding it. For any fixed i (i = 1,2 ,..., p), let aji j = 0, l,..., r be the 
number of j’s in the sequence (b, ,..., 6,) up to and including bi . In order 
to verify that the above sequence belongs to B*(k, n), we need to show 
that at > C (kj - 1) aji (i = 1, 2,..., p - 1). Suppose bi # 0. Then by 
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our above remark there are at least C kiaji $ 1 components preceding 
6,.+, of which exactIy C aji are not zero. Consequently 
aji > C kjuji + 1 - C ffji > 1 (kj - I> Uji. 
A similar argument applies for bi = 0. 
Conversely to each sequence in B*(k. PZ) we can assign a representative 
tree from a class in IP*(V, k, n), by using an inverse mapping of M. For 
example, the representative tree corresponding to the sequence 
010002003023 
is given in Fig. 2. 
t 
. 
FIG. 2. Correspondence between (0 1 0 0 0 2 0 0 3 0 2 3) and a pp tree. 
THEOREM 6. 
where 
(.il ,.%.rJ = 
m(nz - 1) .*. (nz - C ji + i) 
j,!j,! . ..j.! 
ProoJ Denote by N(n, ,..., n, ; 01, uI ,,.., p,.) the number of lattice 
paths from the origin to (c ni pi + a, n1 , n2 ,..., ~2,) (a being a positive 
integer), not touching the hyperplane x0 = 2 pi 3ci except at the origin. 
Observe that j B(k, a)[ is a special case when 01 = 1 and pi = ki - 1 for 
all i. We determine N(n, ,..., n, ; a, p1 ,..., FL,) by using the generating 
function method. 
Without loss of generality and for simplicity in writing we deal only 
with the case Y = 2. Let 
58zbjr8/3-3 
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By considering the last but one step of the paths, we obtain the recursion 
relation 
Nn, > Rz? ; %Pl,P2) = N%,% ; 01 - l,Pl,P2> 
+ N(n, - 1, n2 ; a! + /%vpl,P2) 
+ wn1, n2 - 1, f% + P2 2 Pl, P2). 
On substitution in the generating function, we get 
WI > $2 ; 4 = GO,, ~2 ; 01 - 1) + @(sl, ~2 ; a + pd 
+ s2% 3 s, ; 01 + ~2) 
with 
G(s,,s,;O) = 1. 
(5) 
It is not difficult to check that 
G(s, , s2 ; a) = G(s, , s2 ; 1)” = G” (6) 
Thus (5) and (6) yield 
1 - G + s~G@I+~ + sZGP2+l = 0. (7) 
Setting x = s,Gpl+l any y = s2GUz+l in (7), we express G = 1 + x + y. 
Thus 
and 
x - s,(l + X + y)c11+1 = 0 
y - s,(l + X + y)“2+1 = 0. 
We use the extended Lagrange’s inversion formula for power series 
expansions 13, Section 1051 and get 
(1 + x + Y> 
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Analogously we find, 
and this completes the proof. 
Here we offer two remarks. First, this result could be obtained from the 
urn problem of Takacs [12]. It is interesting to note that j P*(V, k, n)i 
can be expressed as a sum of j IP(V, q, r*)[ over all permutations of 
(41 ,***, qm). Here q’s are such that there are exactly q of them equal to kj q 
Therefore the above theorem provides a combinatorial identity, a direct 
proof of which is not obvious. 
4. EDGE-CHROMATIC TREES 
A certain set of isomorphic planted edge-chromatic trees has been 
enumerated by Car& in [I], which is shown by Klarner [S] to have 
one-to-one correspondence with IP(V, q, r) with r1 = +.. = r+-i = 0 
and qi = q for all i. In this connection see Tutte [14]. In this section we use 
the natural generalization of Klarner’s one-to-one correspondence and 
define sets of edge chromatic trees which are in one-to-one correspondence 
with IP(V, q, Y) and IP*( V, q, r). 
Let C = (11 2,..., c> and M = (1, c, , c2 ,..., enzj where q’s are positive 
integers such that ci < c and cd = c for at least one index i. 
DEFINITION 3. A generalized planted edge-chromatic tree (GPEC) on 
C and M is a 6-tuple (V, E, v, fi , f2 , j3) where 
V: the vertex set; 
E: the edge set; 
v: the root with degree one; 
fir V+ M such thatf,(v) = 1; 
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fi: E -+ C such that (i) &(u, x} = 1 and (ii) for (r, x}, (x, y} E E, and 
p(r) = p(x) - 1 = p(v) - 2, if fi(x) = ci and fi (r, x> = j, then 
i 
(1, 2 ,..., j - l,j + l,..., ci} 
.fdxy y1 E {1,2,..., ci - l> 
when j < ci, 
when j > ci, 
and adjacent edges are mapped to distinct elements in (I, 2,..., c,j; p: an 
order relation on V such that (i) x /3 y if p(x) < p(v), (ii) for {I”, s}, (x, y} E E 
and p(x)=p(r)=p(s)-1 =p(y)- 1, s/3~ if rpx, (iii) for (r,x}, 
-Cr, u>, p(r) = P(X) - 1 = PO> - 1, r P y  if fi -G-, 4 -=Gb, y>. 
Although the definition of a GPEC tree looks cumbersome, there exists 
a relatively simple explanation. Every vertex of the tree is labeled with a 
number ci (the root with one) indicating that colors {I, 2,..., ~$1 are to be 
used to color the outgoing edges. If the edge coming into the vertex from 
the level immediately below is colored j, then the outgoing edges are 
assigned from the set (1,2 ,..., j - 1,j + I,..., CJ or (1, 2 ,..., ci - l> 
according as j < ci or j > ci such that no two adjacent edges have the 
same color. The order relation is obvious. 
Two GPEC trees T, = (V, E1 , v,fi , fi , &) and 
T2 = (K 4 , ~2 , fi’,h’, P3 
are isomorphic if there exists a permutation 4 on V such that (i) v2 = #(uJ, 
(ii> E2 = CCvKx), 4(v>l: k v> E &H, (iii) f&4 = .fi.‘(4(xN, (iv> fib, Y> = 
fi{ C(x), 4(u)}. It is easy to check that x p1 y in Tl if and only if 4(x) p2 4(y) 
in Tz . 
Consider T(V’, A&, C) with ( v’ j = m + 1 to be the set of GPEC trees 
such that if x is the (i + 1) st vertex thenf,(x) = c( (i = I,..., m). Also let 
T*(V’, M, C) be the set of GPEC trees such that there are exactly ni 
vertices x for whichfi(x) = ci (i = 1, 2,..., m). 
Extending Klarner’s one-to-one correspondence in a routine manner 
one gets a one-to-one correspondence between IT(V’, M, C) and 
IP( V, q, r”) where qi = ci - 1 (i = l,..., m), and between IT*( V’, M, C) 
and IP*(V, k, n) with r = m and ki = ci - 1 for all i. 
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